Abstract. It is well known that every derivation of a von Neumann algebra into itself is an inner derivation and that every derivation of a von Neumann algebra into its predual is inner. It is less well known that every triple derivation (defined below) of a von Neumann algebra into itself is an inner triple derivation.
Introduction
Building on earlier work of Kadison [11] , Sakai [15] proved that very derivation of a von Neumann algebra into itself is inner. Building on earlier work of Bunce and Paschke [2] , Haagerup, on his way to proving that every C * -algebra is weakly amenable, showed in [5] that every derivation of a von Neumann algebra into its predual is inner. Thus the first Hochschild cohomology groups H 1 (M, M ) and H 1 (M, M * ) vanish for any von Neumann algebra M . It is also known that every triple derivation of a von Neumann algebra into itself is an inner triple derivation ([9, Theorem 2]), and every Jordan derivation of a von Neumann algebra into itself is an inner Jordan derivation [18, Theorem 3.10] . In [14] , a study was made of automatic continuity of triple derivations from a Banach Jordan triple system into a Banach Jordan triple module, and in [10] , the study of ternary weak amenability in operator algebras and triples was initiated. Triple derivations and inner triple derivations into a triple module are defined and discussed in [10] and in [14] . 1 However, this paper is essentially independent of [10] and [14] as we shall only be concerned with these concepts for von Neumann algebras, with their associated Jordan structure.
Among other things, it was shown in [10] that every commutative (real or complex) C * -algebra A is ternary weakly amenable, that is, every triple derivation of A into its dual A * is an inner triple derivation, but the C * -algebras K(H) of all compact operators and B(H) of all bounded operators on an infinite dimensional Hilbert space H do not have this property.
Two consequences of [10] are that finite dimensional von Neumann algebras and abelian von Neumann algebras have the property that every triple derivation into the predual is an inner triple derivation, analogous to the Haagerup result. We call this property normal ternary weak amenability, and we show that it rarely holds in a general von Neumann algebra, but that it comes close.
Our main results are Theorems 1 and 2. If the set of inner triple derivations from a von Neumann algebra M into its predual is norm dense in the real vector space of all triple derivations, then M must be finite (Theorem 1(a)). The converse holds if M acts on a separable Hilbert space, or is a factor (Theorem 1(b)). For all infinite factors, the norm closure of the set of all inner triple derivations into the predual has codimension 1 in the space of all triple derivations (Theorem 2), thus providing a cohomological characterization of finite factors and a zero-one law for factors.
Inner triple derivations on a von Neumann algebra M into its predual M * are closely related to the span of commutators of normal functionals with elements of M , denoted by [M * , M ]. As noted above, for a finite factor of type I n , all triple derivations into the predual are inner triple derivations. A consequence of Proposition 4.1 and the work of Dykema and Kalton [3] is that no factor of type II 1 is normally ternary weakly amenable (Corollary 4.3), even though each triple derivation into the predual is a norm limit of inner triple derivations by Theorem 1.
We also show that a finite countably decomposable von Neumann algebra M of type I n is normally ternary weakly amenable if and only if every element of M * of central trace zero belongs to [M * , M ]. In particular, for such an algebra M with a faithful normal finite trace, if every element of M * of trace zero belongs to [M * , M ] then M is normally ternary weakly amenable.
Triple modules and triple derivations
2.1. Varieties of modules. Let A be an associative algebra. Let us recall that an A-bimodule is a vector space X, equipped with two bilinear products (a, x) → ax and (a, x) → xa from A × X to X satisfying the following axioms: a(bx) = (ab)x, a(xb) = (ax)b, and, (xa)b = x(ab), for every a, b ∈ A and x ∈ X.
Let A be a Jordan algebra, that is, a commutative algebra with product denoted by
. A Jordan A-module is a vector space X, 1 In this paper, we use the terms 'triple' and 'ternary' interchangeably, while mindful that in some quarters 'triple' means 'Jordan triple' and 'ternary' refers to an associative triple setting, such as a TRO (ternary ring of operators) equipped with two bilinear products (a, x) → a • x and (a, x) → x • a from A × X to X, satisfying:
• a, and,
for every a, b ∈ A and x ∈ X.
In particular, any von Neumann algebra M is a Jordan algebra under the product a • b = (ab + ba)/2 and its predual M * is an M -bimodule under the actions
M * is also a Jordan M -bimodule under the actions
A complex (resp., real) Jordan triple is a complex (resp., real) vector space E equipped with a triple product
which is bilinear and symmetric in the outer variables and conjugate linear (resp., linear) in the middle one and satisfying the so-called "Jordan Identity":
for all a, b, x, y in E, where D(x, y)z := {x, y, z}. A von Neumann algebra M is a complex Jordan triple under the triple product {abc} = (ab * c + cb * a)/2 and its predual M * is a Jordan triple M -module, according to the general definition 2 in [14] and [10] , if we define module actions as follows:
for every x, a, b ∈ M, ϕ ∈ M * . In this case, it is a tedious exercise to show that the identity
which is equivalent to the Jordan identity above, holds whenever exactly one of the elements belongs to M * . 
for every a, b in A. For emphasis we call this a Jordan derivation. We denote the set of continuous Jordan derivations from A to X by D J (A, X).
In the setting of Jordan Banach triples, a triple or ternary derivation from a (real or complex) Jordan Banach triple, E, into a Banach triple E-module, X, is a conjugate linear mapping δ : E → X satisfying
for every a, b, c in E. We denote the set of all continuous ternary derivations from
The conjugate linearity (as opposed to linearity) of ternary derivations from a complex Jordan triple into a Jordan triple module is a reflection of the fact that a complex Jordan triple is not necessarily a Jordan triple module over itself (as explained in [14] and [10] ). This anomaly has no effect on our results.
Let X be a Banach A-bimodule over an associative Banach algebra A. Given x 0 in X, the mapping D x 0 : A → X, D x 0 (a) = x 0 a − ax 0 is a bounded (associative or binary) derivation. Derivations of this form are called inner. We shall use the customary notation ad x 0 for these inner derivations. The set of all inner derivations from A to X will be denoted by Inn b (A, X).
When x 0 is an element in a Jordan Banach A-module, X, over a Jordan Banach algebra, A, for each b ∈ A, the mapping
Finite sums of derivations of this form are called inner. The set of all inner Jordan derivations from A to X is denoted by Inn J (A, X).
Let E be a complex (resp., real) Jordan triple and let X be a triple E-module. For each b ∈ E and each x 0 ∈ X, it is known that the mapping
is a ternary derivation from E into X. Finite sums of derivations of the form δ(b, x 0 ) are called inner triple derivations. The set of all inner ternary derivations from E to X is denoted by Inn t (E, X). We shall only need this definition in the case that E is a von Neumann algebra M and X is M * , with module action defined by (2.1) and (2.2).
The reader who is interested in more details concerning the more general definitions of the concepts in this section can consult [10, 14] . Let M be any von Neumann algebra and let φ 0 be any fixed normal state. Then
where Proof. For ǫ > 0, there exist ϕ j ∈ M * and b j ∈ M such that
We set x = 1 to get
and therefore
for every a, x ∈ M , that is,
Let us now write
Thus, by (3.3) and (3.4),
Variants of the argument used in the preceding proof will be used in Proposi- Proof. (a) Assume that every triple derivation of M into M * is a norm limit of inner such derivations and also assume for the moment that M is properly infinite. If ψ ∈ M * satisfies ψ * = −ψ, then by Lemma 3.3, and (3.1),
By the preceding paragraph, 1 − p = 0, so that M is finite.
(b) Suppose first that M is a finite factor. Let ψ ∈ M * be such that the inner derivation
We also assume, temporarily, that ψ =x ψ for some x ψ ∈ M , that is, ψ(y) = tr (yx ψ ) for y ∈ M , where tr is a faithful normal finite trace on M .
We then have
where a j , b j , c j , d j are self adjoint elements of M . Expanding the right side of (3.5) and using the fact that x * ψ = −x ψ , we have
It is easy to check that for a = a
By replacing ψ by ψ ′ = ψ − ℜψ(1) tr (·), so that ψ ′ (1) ∈ iR and D ψ = D ψ ′ , we now have that if ψ =x ψ for some x ψ ∈ M , then D ψ • * ∈ Inn t (M, M * ). Since elements of the formx are dense in M * and D ψ ≤ 2 ψ , it follows that for every ψ ∈ M * , D ψ • * belongs to the norm closure of Inn t (M, M * ). From (3.1), Inn t (M, M * ) is norm dense in D t (A, A * ). Now suppose that M is a finite von Neumann algebra acting on a separable Hilbert space, so that it admits a faithful normal finite trace tr . Let ψ ∈ M * be such that the inner derivation Variants of the argument used in the preceding proof of (b) will be used in Theorem 2 and Propositions 4.1(a) and 4.5.
Corollary 3.4. If M acts on a separable Hilbert space, or if M is a factor, then M is finite if and only if every triple derivation of M into M * is approximated in norm by inner triple derivations.
3.2. Zero-One law for factors. 
Further calculation shows that for all x ∈ M ,
This shows that D ϕǫ • * ∈ Inn t (M, M * ) so that D ϕ • * belongs to the norm closure of Inn t (M, M * ).
According to (3.1), every δ ∈ D t (M, M * ) has the form δ = δ 0 + δ 1 , where (1, δ(1)) . Lemma 3.2 shows now that the map
where λ is defined by (3.7) .
Explicitly, we define a map Φ :
It follows from Lemmas 3.3 and 3.2 that Φ is well defined, and it is easily seen to be linear, onto and one to one.
Explicitly, if λ ∈ R and we let ψ = iλφ 0 where φ 0 is any normal state, then 
Corollary 3.5. If M is a factor, the linear space of triple derivations into the predual, modulo the norm closure of the inner triple derivations, has dimension 0 or 1: It is zero if the factor is finite; and it is 1 if the factor is infinite.

Sums of commutators in the predual
For any von Neumann algebra M , we shall write (M * ) 0 for the set of elements ψ ∈ M * such that ψ(1) = 0 (in (3.1) we called this space {1} ⊥ ). If M is finite and admits a faithful normal finite trace tr , which therefore extends to a trace on M * ([17, p.174]), then (M * ) 0 = tr −1 (0). 
. By the proof of Lemma 3.3,
. By our assumption, we then have (here tr is the extended trace, [17, p.174 
where ξ j , η j are self adjoint elements of M * and c j , d j are self adjoint elements of M . Expanding the right side of (4.1) and using the fact that ψ * = −ψ, we have
It is easy to check that for ξ = ξ * ∈ M * and c = c
The case where M is not necessarily a factor, but acts on a separable Hilbert space is proved using direct integrals as in the proof of Theorem 1(b).
(b) Suppose that M is a finite factor and that M is normally ternary weakly amenable. Let ψ ∈ M * with tr (ψ) = ψ(1) = 0. Suppose first that ψ * = −ψ so that D ψ is self adjoint and therefore
for every a, x ∈ M . Since M = C1 + [M, M ] and ψ(1) = 0 it follows from (4.3) (with a = 1) that
Now let ψ ∈ (M * ) 0 and write ψ = ψ 1 + ψ 2 , where ψ * 1 = ψ 1 and ψ * 2 = −ψ 2 . Since 0 = tr (ψ) = tr (ψ 1 )+tr (ψ 2 ) and tr (ψ 1 ) = ψ 1 (1) is real and tr (ψ 2 ) = ψ 2 (1) is purely imaginary, tr (ψ 1 ) = 0 = tr (ψ 2 ). By the previous paragraph, iψ 1 
4.2.
Finite von Neumann algebras of type I. Now let M be a finite von Neumann algebra of type I n , with n < ∞. Then we can assume
It is known that the center valued trace is given by
(see [12, p.1405] or [4, p.65] ). We thus define, for a finite von Neumann algebra of type I n which has a faithful normal finite trace tr ,
By modifying slightly the proof of Proposition 4.1 we have the following proposition. First we note the following elementary remark. 
Proof. Suppose that M , a finite von Neumann algebra of type I n admitting a faithful normal finite trace, is normally ternary weakly amenable. Let ψ ∈ M * with TR (ψ) = 0. Suppose first that ψ * = −ψ so that D ψ is self adjoint and therefore
for every a, x ∈ M . 
